We present the first direct determination of the running top-quark mass based on the total cross section of top-quark pair-production as measured at the Tevatron. Our theory prediction for the cross section includes various next-to-next-to-leading order QCD contributions, in particular all logarithmically enhanced terms near threshold, the Coulomb corrections at two loops and all explicitly scale dependent terms at NNLO accuracy. The result allows for an exact and independent variation of the renormalization and factorization scales. For Tevatron and LHC we study its dependence on all scales, on the parton luminosity and on the top-quark mass using both the conventional pole mass definition as well as the running mass in the MS scheme. We extract for the top-quark an MS mass of m(µ = m) = 160.0 +3.3 −3.2 GeV, which corresponds to a pole mass of m t = 168.9 +3.5 −3.4
The top-quark is the heaviest elementary particle discovered so far and it is likely to be the most sensitive probe of the electroweak symmetry breaking. This is reflected in the fact that in many extensions of the Standard Model the top-quark plays a special role. The precise measurement of top-quark properties is thus an important task for the Large Hadron Collider (LHC) (see e.g. Refs. [1, 2] ). One of the most basic quantities in that respect is the total cross section which is currently measured at the Tevatron and will be measured at the LHC. The precise measurements aimed for at the LHC are asking for an equally precise theoretical prediction to compare with. In this Letter, we update and extend the predictions of Refs. [3, 4] for the total hadronic cross section of top-quark pairs and its associated theoretical uncertainty. Related recent studies have also appeared in Refs. [5] [6] [7] . As a novel aspect of this Letter, we employ the MS definition for the top-quark mass and present the total cross section as a function of the running mass. This allows the direct determination of an MS mass from Tevatron measurements for the total cross section [8] .
We start by recalling the relevant formulae for the total cross section of top-quark hadroproduction within perturbative Quantum Chromodynamics (QCD): 
where S and m t denote the hadronic center-of-mass energy squared and the top-quark mass (here taken to be the pole mass), while L i j is the usual definition of the parton luminosity with the parton distributions (PDFs) φ i/p at the factorization scale µ f . The scaling functions f i j parameterize the hard partonic scattering process. They depend only on dimensionless ratios of m t , µ f , the renormalization scale µ r and the partonic center-of-mass energy squared s, with the definitions ρ = 4m 2 t /s, R = µ 2 r /µ 2 f and M = µ 2 f /m 2 t . The radiative corrections to the scaling functions f i j at the next-to-leading order (NLO) [9] [10] [11] are long known and recently even the complete analytic expressions have become available [12] . In order to quantify the theory uncertainty also the next-to-next-to-leading order (NNLO) must be included. Presently, these NNLO corrections [3, 4] are approximated by the complete tower of the Sudakov logarithms and including all two-loop Coulomb corrections.
In the present study we include consistently the channels, qq, gg and gq through NNLO and we provide parametrizations for all necessary scaling functions in the standard MS scheme for mass factorization. This allows for an easy handling in phenomenological applications. Our phenomenological study reflects the latest measured value for the top-quark mass [13] , m t = 173.1 +1.3 −1.3 GeV, and employs new PDF sets [7, 14] . Let us briefly summarize the key aspects of our update with respect to Refs. [3, 4] : i.) We use exact dependence on the renormalization and factorization scale. This allows for an independent variation of µ r and µ f (extending Ref. [15] ) and is commonly considered as more reliable to establish the theoretical uncertainty of perturbative predictions (see e.g. Ref. [16] ).
ii.) We perform the singlet-octet color decomposition consistently when matching our threshold expansion at NLO using results of Refs. [17] [18] [19] . The numerical impact on phenomenology at LHC and Tevatron turns out to be negligible, though.
iii.) We discuss those residual systematical uncertainties of our predictions for LHC and Tevatron, which are inherent in the approach based on threshold resummation and we comment on the size of unknown corrections.
iv.) We quantify the numerical impact of other known effects on the total cross section, such as the electro-weak radiative corrections at NLO [20] [21] [22] and bound state corrections in QCD at threshold [18, 19] .
v.) We study the dependence of the total cross section on the definition of the mass parameter. For the conversion of the conventionally used pole mass m t (see Eq. (1)) and the scale dependent MS mass m(µ r ) we exploit well-known relations to NNLO [23] (see also Refs. [24, 25] ). We investigate the apparent convergence of both definitions, m t and m(µ r ), in perturbation theory through NNLO.
We also employ the analytic results for the NLO scaling functions [12] . As a net effect these lead to small improvements in the gq-and the gg-channel contributions of our NNLO prediction.
Theoretical setup
The perturbative expansion of the scaling functions f i j in the strong coupling α s up to two loops
and the functions f contain, at each order in α s , genuinely new information to be calculated from first principle in perturbation theory. At Born level,
where β is the heavy quark velocity with β = 1 − ρ. At NLO the known functions f (10) i j can be described through parametrizations which are accurate at the per mille level. Our one-loop fits use the following ansatz, 
24 ln 2 β + 72 ln 2 − 366 7 ln β + 11 84
where n f denotes the number of light quarks and we have kept the complete dependence on n f in all parametrizations manifest. The Sudakov logarithms ln β at threshold and the Coulomb corrections (∼ 1/β) in Eqs. (7)- (9) 
They are known from the computation of the NLO QCD corrections to hadro-production of quarkonium [17] (see also Refs. [18, 19] ), where also details of the decomposition of a gg 0 for colorsinglet and color-octet states can be found. The constants a i j 0 in Eqs. (10) and (11) emerge from Refs. [17] [18] [19] by means of a simple Mellin transformation and agree with the values quoted in Ref. [12] . The coefficients of the functions h(β, a 1 , . . . , a 17 ) and h (a) gq (β, a 1 , . . . , a 15 ) in Eqs. (7)- (9) are determined in a fit to the analytic expressions of Ref. [12] . Near threshold we have h(β) = O(β 2 ). More details are given in Eqs. (A.7) and (A.8). Due to the larger number of parameters in the fit functions, it is evident that Eqs. (7)- (9) supersede earlier parametrizations [9] with respect to accuracy.
At two-loop level we know the complete tower of Sudakov logarithms, ln k β with k = 1, ..., 4, for the functions f (20)and f (20) gg and, in addition, also the complete Coulomb contributions, ∼ 1/β 2 , 1/β. The channel gq is power suppressed near threshold relative toand gg. However, extending soft gluon resummation to power suppressed quantities (see e.g. Refs. [26, 27] ) and using Eq. (8), we can determine (at least) the leading term ∼ ln 3 β of the function f (20) gq . We find 
gg .
Eqs. (12) and (14) are exact up to the unknown constant terms C (2)and C (2) gg of order O(β 0 ), whereas Eq. (13) receives further corrections of order O(β 3 ln 2 β). Please note that the numerical coefficients in Eqs. (12) and (14) have slightly changed compared to Ref. [3] . The ln 2 β-terms in Eqs. (12) and (14) are affected by using the exact coefficients (10) and (11) in the matching at NLO. The linear terms proportional to ln β in Eqs. (12) and (14) (14) . The latter value has changed with respect to Ref. [3] due to a consistent separation of the colorsinglet and color-octet contributions in a gg 0 at NLO [17] [18] [19] . However the phenomenology is rather insensitive to this change and is only affected at the per mille level. The Coulomb terms (∼ 1/β) in Eqs. (12) and (14) contain all contributions from the two-loop virtual corrections. Eq. (13) gives the leading (though formally power suppressed) contribution at two loops to the gq-channel. We include f (20) gq in our analysis for three reasons. Firstly, under evolution of the factorization scale the gq-channel mixes with the two other channels and for a consistent study of the factorization scale dependence this channel also needs to be taken into account. Next, the luminosity L gq in particular at LHC is sizeable and Eq. (13) offers a way to control its numerical impact at higher orders. Finally, Eq. (13) provides a first step towards a general study of power suppressed but logarithmically enhanced terms near threshold for top-quark production.
In Eq.
(1) the dependence of the scaling functions f i j on the renormalization and factorization scales, µ r and µ f , can also be made explicit. Starting from the expansion in α s through NNLO around R = 1, i.e. µ r = µ f , we introduce
where we abbreviate L M = ln(µ 2 f /m 2 t ). The logarithmic tower in M = µ 2 f /m 2 t , that is all terms proportional to L M in Eq. (15) can be derived by renormalization group methods in a straight forward manner. The explicit results in the MS scheme for all channels read at NLO
where i j = {qq, gg} in Eq. (16) . At NNLO we have
In Eqs. (16)- (23) the ⊗ products have to be understood as standard convolutions and a sum over all active quarks and anti-quarks is implied as well. The coefficients of the QCD β-function are given by
The splitting functions P (l) i j can be taken e.g. from Ref. [28, 29] . At leading order they read
where the factor (16π 2 ) accounts for the normalization used in Eqs. (16)- (23). In general, we have P
i j (Refs. [28, 29] ). Please also note the explicit factor of (2n f ) −1 in Eqs. (17)- (23), which is due to the definition of P (0) qg in Eq. (26) and P (1) qg in Ref. [29] . Simple fully analytic expressions for f (11), f (11) gq and f (11) gg are long known [9] and precise fits for all scaling functions f (21) i j , f (1) with µ r µ f is easily obtained as
where L R = ln(µ 2 r /µ 2 f ) and i j = {qq, gg} in Eq. (29) .
Phenomenological applications
We are now in the position to address the phenomenological consequences. The approximate NNLO prediction which includes exact dependence on all scales is based on Eqs. (12)- (14), (18)- (23) and (29), (30) . If not otherwise stated, the top-quark mass is the pole mass at m t = 173 GeV. Let us start with the scale dependence of the NNLO cross section as shown in Fig. 1 . Our study of the theoretical uncertainty allows us to assess the effect of independent variations of the renormalization and factorization scale µ r and µ f in the scaling functions for the hard partonic scattering process in Eq. (1). In doing so, one should keep in mind however, that all currently available PDF sets from global fits always fix µ r = µ f . We define the theory uncertainty arising from the independent variation of µ r and µ f in the standard range
The contour lines of the total cross section for the LHC and Tevatron arising from this procedure are shown in Fig. 1 . The standard range µ r , µ f ∈ [m t /2, 2m t ] corresponds to the region displayed in Fig. 1 because of log 10 (2) ≈ 0.3. We have normalized all results to the value at µ r = µ f = m t and the variation with fixed scales µ r = µ f proceeds along the diagonal from the lower left to upper right in the plots. For Tevatron in Fig. 1(b) we see, that the gradient in the complete (µ r , µ f )-plane is almost parallel to this diagonal, thus the uncertainty according to Eq. (31) remains −5% ≤ ∆σ ≤ +3% in very good agreement with previous results [3, 4] . At LHC in Fig. 1(a) the maximal deviations in the (µ r , µ f )-plane are −3% located at (2m t , 2m t ) and +1% at roughly (m t /2, 2m t ), so that the uncertainty range (31) becomes slightly larger, −3% ≤ ∆σ ≤ +1% compared to what has been derived before with a fixed scale ratio µ r = µ f . Very similar numbers for both colliders are obtained with the PDF set CTEQ6.6 [7] . Also recall, that we include the gq-channel through two loops. Thanks to Eqs. (18)- (23) we control the exact scale dependence also for all contributions proportional to the parton luminosity L gq . We conclude from Fig. 1 that the theoretical uncertainty due to µ r and µ f variation is well estimated by case of identical scales µ r = µ f .
In order to quantify the PDF uncertainty we apply the standard definition
which determines ∆σ from the variations σ k± of the cross section with respect to the k parameters of the PDF fit. Typically the PDF error is added linearly to the theory uncertainty obtained from the scale variation. This is the commonly adopted choice and we employ the PDF sets CTEQ6.6 [7] and MSTW 2008 [14] . The latter set gives two uncertainties at different confidence levels (CL), one at 68% CL and the second at 90% CL. Throughout this study we use 68% CL only. Moreover in the chosen interval µ ∈ [m t /2, 2m t ] for a given µ = µ r = µ f the error ∆σ(µ) in Eq. (32) has only a very weak scale dependence. That is to say we find to good accuracy ∆σ(µ = m t /2) ≃ ∆σ(µ = m t ) ≃ ∆σ(µ = 2m t ) so that a determination of ∆σ at the central scale µ = m t should suffice for all practical purposes. [14] . The bands denote the theoretical uncertainty from scale variation keeping µ r = µ f and the PDF uncertainty in the range [m t /2, 2m t ]. In Fig. 2(b) for the Tevatron the NLO and approximate NNLO bands overlap only partially giving rise to the corresponding medium band (dark green).
In Fig. 2 we show the mass dependence of the total cross section, comparing the NLO and our approximate NNLO prediction. The band summarizes the total theoretical uncertainty from the linear combination of the scale uncertainty for the case µ r = µ f and the PDF uncertainty Eq. (32) . We display the LHC and Tevatron predictions using the MSTW 2008 PDF set [14] . The improvement of the NNLO prediction is manifest for both colliders.
Next, we discuss the sources of remaining systematical uncertainties. Undoubtly, a complete calculation of the complete NNLO QCD corrections to hadronic top-quark pair-production would be highly desirable (see Refs. [30] [31] [32] [33] [34] [35] [36] [37] for progress in this direction). This lacking, the main systematic uncertainty of our approximate NNLO result are the sub-leading terms in the scaling function f (20) i j . They might become accessible by extending the approach of Refs. [26, 27] or else could be modeled through power suppressed terms in Mellin space (see e.g. the scheme A = 2 in Ref. [38] ). By including the leading term for f (20) gq we have taken a first step in this direction and we have found numerically small effects only. In order to quantify our systematical uncertainty, we adopt the following prescription: We compute the ratio σ NLL+Coul /σ exact at one loop, where σ NLL+Coul only contains the Sudakov logarithms and the Coulomb terms in f (10)and f (10) gg , i.e. the content of the square brackets in Eqs. (7) and (9) . This checks how well the exact hadronic cross section in Eq. (1) is approximated, if only the threshold approximation enters in the convolution with the parton luminosities. Typically we find σ NLL+Coul /σ exact > ∼ 0.7(0.9) for the LHC (Tevatron). If translated to the genuine two-loop contribution (see e.g. Tab. 1 below), then a systematic uncertainty of O(30%) implies a cross section uncertainty of ∆σ ≃ O(15) pb at LHC and of ∆σ ≃ O(0.2) pb at Tevatron. These numbers are corroborated by other observations, like the generally small impact of the gq-channel which is entirely sub-leading.
How does this affect the previous discussion of the scale dependence? Let us define a systematic uncertainty ∆ sys obtained from a variation of the scaling functions f (20) i j in Eqs. (12)- (14) by ±30%. All other scaling functions are known exactly anyway. The result for our NNLO cross section (always normalized to the value at µ = m t and ∆ sys = 0) is shown in Fig. 3 for µ = µ r = µ f and the MSTW 2008 PDF set [14] . It is obvious that the predictions are very stable within the standard range µ ∈ [m t /2, 2m t ] for all cases, i.e. ∆ sys = 0 and σ ± ∆ sys . For the case ∆ sys = 0 we find a variation of −3% ≤ ∆σ ≤ +0.5% for LHC and −5% ≤ ∆σ ≤ +3% for Tevatron (compatible with Fig. 1 ) and similar numbers for the other two cases, σ ± ∆ sys .
In the present analysis, we have also neglected the effect of the new parton channels qq,qq and q iq j (for unlike flavors i j), which come in through real emission at NNLO only. Important insight can be gained here from the recent calculation [39, 40] of the radiative corrections for tt+1-jet production at NLO, because they represent a significant part of the complete NNLO corrections for inclusive top-quark pair-production. At NLO tt+1-jet production contains the one-loop oneparton real emissions as well as the double real emission processes, and the latter also include the above mentioned new channels. It was found that the radiative corrections at the scale µ r = µ f = m t are rather small. Depending on the kinematical cuts (e.g. on the transverse momentum of the jet) they amount to O(20) pb at LHC and to O(0.2) pb at Tevatron (see Ref. [40] ). This provides further evidence that the hard corrections to the inclusive top-quark pair-production at NNLO are indeed not large and it supports the estimate of our systematical uncertainty.
To summarize, our approximate NNLO prediction leaves us with a rather small residual theoretical uncertainty based on the scale variation. It is also worth stressing that the numerical impact of our theory improvements in Eqs. (12)- (14) and (18)- (23) is rather small, which again nicely illustrates the stability of the approximate NNLO predictions. In Tab. 1 we compare with our previous numbers [3, 4] for the CTEQ6.6 [7] set at m t = 171 GeV and µ r = µ f = m t . At Tevatron, we find no changes, as the cross section is entirely dominated by the qq-channel at parton kinematics close to threshold. At LHC, there is a small net change of 2.5 pb in the prediction. Here, the effect of the improved NLO matching (in particular the ln 2 β term in Eq. (14) depending on the constant a gg 0 in Eq. (11)) and the leading two-loop term f (20) gq in Eq. (13) in the gq-channel partially compensate. The numerical impact of the exact color decomposition at NLO (affecting the ln β term in Eq. (14) √ S = 1.96 TeV) using m t = 171 GeV, the PDF set CTEQ6.6 [7] and µ r = µ f = m t . For comparison we also give the previous numbers of Refs. [3, 4] .
As a central result of the current studies we quote our approximate NNLO prediction at LHC ( √ S = 14 TeV) and Tevatron ( √ S = 1.96 TeV) for a pole mass of m t = 173 GeV. For the MSTW 2008 set [14] we have
σ Tev = 7.04 pb
+0.24
−0.36 pb (scale)
and for CTEQ6.6 [7] ,
σ Tev = 7.34 pb 
Please note, that the MSTW 2008 set [14] is based on a global analysis to NNLO in QCD while CTEQ6.6 [7] performs a fit to NLO only. Therefore, the two PDF sets return slightly different default values for the coupling constant α s . While the LHC predictions of both sets are largely in agreement for these choices of α s , the difference in the Tevatron predictions can be attributed to differences in the parametrization of the light quark PDFs at large x. In addition, there is a systematical uncertainty in Eqs. (33)-(36) estimated to be O(2%) due to unknown NNLO contributions, i.e. the exact expression for f (20) i j in Eqs. (12)- (14) . One could of course argue that the accuracy of a given PDF set should match the accuracy of the theoretical prediction of the partonic cross section. However, we would like to disentangle the shift orginating from corrections to the hard parton scattering (which is the main subject of our paper) from PDF effects. Therefore we always use the same order in perturbation theory as far as the chosen PDFs are concerned (cf. Tab. 1 and also Appendix B of Ref. [3] ).
For applications, the mass dependence of the hadronic cross section (1) is conveniently parameterized by the following simple fit formula
with µ = µ r = µ f , x = (m t / GeV − 173) and the scale choices µ = m t , 2m t , m t /2. For the cross section at LHC ( √ S = 14 TeV and √ S = 10 TeV) and Tevatron ( √ S = 1.96 TeV) all fit coefficients are listed in Tabs. 3 and 4, where we have used the PDF sets CTEQ6.6 [7] and MSTW 2008 [14] . In the mass range 150 GeV ≤ m t ≤ 220 GeV, the accuracy of the fit is always better than 2.5% .
Let us briefly mention also other types of radiative corrections, which have not been considered here, e.g. in Eqs. (33)- (37) . Within QCD these are bound state effects for the tt-pair near threshold [18, 19] . They affect the total cross section at LHC of the order O(10) pb and, even more so, differential distributions in the invariant mass of the top-quark pair. At Tevatron, due to the dominance of the qq-channel in the color-octet configuration, they are negligible though. Precision analyses at the percent level naturally need to consider also the electro-weak radiative corrections at NLO [20] [21] [22] . Depending on the Higgs mass they cause a decrease relative to the LO cross section between O(2%) for a light Higgs (m h = 120GeV) and O(2.5%) for a heavy Higgs (m h = 1000GeV) at the LHC. This amounts to a negative contribution ∆σ EW ≃ O(10 − 15) pb. At the Tevatron, the electro-weak radiative corrections are almost zero for a light Higgs (m h = 120GeV) and give a negative contribution of order O(1%), i.e. ∆σ EW ≃ O(0.05) pb for a heavy Higgs (m h = 1000GeV).
The top-quark mass in the MS scheme
So far we have used the pole mass of the top-quark as a definition of the mass parameter. However, it is well-known that the concept of the pole mass has intrinsic theoretical limitations owing to the fact that the top-quark is a colored object. As such it does not appear as an asymptotic state of the S -matrix due to confinement. In other words the S -matrix does not have a pole in the top-quark channel. The impact of different mass renormalizations has been investigated in great detail in the context of top-quark mass measurements at a future linear collider where a precision of the order of a few hundred MeV is envisaged. In particular it has been shown that indeed the conceptual limitations of the pole mass lead to a poorly behaved perturbative series. A class of alternative mass definitions, so-called short distance masses, offer a solution to this problem, e.g. the 1S -mass or the potential subtracted (PS) mass (see e.g. Ref. [41] ).
In the following we study the impact of the conversion from the pole mass scheme to the MS scheme (see Ref. [23] [24] [25] and references therein) for the total cross section of top-quark hadroproduction. This is a novel feature and, in principle, the cross section in terms of the MS mass can be used for a direct measurement of the running mass at a high scale. This is similar to the case of b-quark production at LEP (see Refs. [42, 43] and [44] [45] [46] [47] ). Let us first describe briefly how we translate the predictions for the total cross section from the pole mass to the MS mass scheme. The starting point is the well-known relation between the pole mass m t and the MS mass m(µ r ) to NNLO:
with a s = α (n f =5) s /π (i.e. five active flavors) and coefficients d (i) , which in general depend on the ratio µ r 2 /m(µ r ) 2 ,
Here n f denotes the number of light flavors and L m(µ r ) = ln(µ r 2 /m(µ r ) 2 ). The function ∆(m i /m t ) accounts for all massive quarks m i lighter than the top-quark. For all light quarks we set m i = 0 so the sum in Eq. (40) vanishes. Note also that the decoupling of the top-quark is assumed to be done at the scale of the MS mass m(µ r ).
Let us start by making the mass dependence in the total cross section manifest order by order in perturbation theory. For the pole mass m t we have through NNLO
Next, we use the relation (38) above to convert from the pole mass to the MS mass m(m). For simplicity we abbreviate m = m(m) and obtain
We note that the coefficients d (i) have to be evaluated for µ r = m (corresponding to the scale of α s ). Thus, the task in Eq. (42) amounts to determine the derivatives of the cross sections σ (i) with respect to the mass. To do so in practice we have chosen the following approach. For all coefficients σ (i) we use the ansatz of Eq. (37) to parametrize the mass dependence. More precisely we evaluate the hadronic cross section order by order in perturbation theory for a fixed renormalization and factorization scale. Then, varying the top-quark mass (in the pole mass scheme) and performing a fit similar to what has been discussed before in Eq. (37) we obtain the total cross section in the following form:
where c
k denote the (order dependent) fit coefficients. N is the order of the polynomial in m t (N = 6 in Eq. (37) ) and m 0 is our fixed reference mass (taken to be 173 GeV in Eq. (37)). Since all dependence on the pole mass m t is manifest, it is now a straightforward exercise to convert to the MS mass m and to perform the derivatives in Eq. (42),
If the expansion point m 0 is chosen to be the MS mass m, Eq. (44) simplifies considerably and the truncation of the power series in m to first (second) order is exact at NLO (NNLO). Generally though, for applications, it is of some advantage to keep m 0 at a fixed numerical value and to rely on the fact, that our ansatz (43) with a polynomial of high enough degree N approximates all coefficients σ (i) and their first two derivatives sufficiently well. As discussed below Eq. (37), the choice N = 6 achieves per mille accuracy in the phenomenologically interesting range. We have also checked that the choices m 0 = m and m 0 m yield the same result. We stress again, that we have fixed µ r = m in Eq. (44) . However, it is also possible to restore the complete renormalization scale dependence using the well-known relation for the running coupling with LR = ln(µ r 2 /m 2 ) and β 0 and β 1 given in Eq. (24) . To summarize, Eq. (44) represents an explicit expression for the total cross section of top-quark hadro-production with the top-quark mass defined in the MS scheme.
Let us illustrate the phenomenological consequences of the MS mass for predictions at Tevatron and LHC. In Fig. 4 we plot the scale dependence of the total cross section again at the various orders in perturbation theory. The value of m = 163 GeV roughly corresponds to a pole mass of m t = 173 GeV and we choose three (fixed) values for the factorization scale µ f = m/2, m and 2m. The band to the left denotes the maximum and the minimum values of µ r ∈ [m/2, 2m] for the three choices of µ f according to Eq. (31), cf. the contour plot in Fig. 1 for the pole mass. We observe a great stability with respect to scale variations when including higher order perturbative corrections through NNLO. Remarkably, at Tevatron, the scale variation at NNLO is even reduced further by more than a factor of two compared to the result in the pole mass scheme.
Next, in Fig. 5 we show the mass dependence of the total cross section employing the MS mass definition and performing the same scale variation as above, i.e. µ f = m/2, m and 2m and µ r ∈ [m/2, 2m]. Upon adding the higher order perturbative corrections we observe as a striking feature the extremely small numerical effect of the radiative corrections. E.g. for m = 163 GeV at Tevatron, we find the effect of the NLO corrections to be only 1.5% and even less (0.9%) for the approximate NNLO results. Also for the LHC, we observe a much faster convergence of the perturbative expansion when using the MS mass. The NLO (approximate NNLO) corrections amount to 31% (4%) at m = 163 GeV which is roughly half of the size of the corrections in the pole mass scheme. This demonstrates an extremely good stability of the perturbative series in the MS mass scheme. We can understand this behavior qualitatively by looking at the mass dependence of the scaling functions in Eqs. (4)- (9) . We find e.g. ∂ m f (0) i j ≃ (1 − β 2 )/β, which implies sizably enhanced contributions near partonic threshold, i.e. precisely in the region which contributes dominantly in the convolution with the parton luminosities, cf. Eq. (1). This observation is yet another argument in favor of the phenomenological importance of our approximate NNLO predictions in Eqs. (12)- (14) . A different way to address the issue of perturbative stability is the extraction of the MS mass from the total cross section as measured at Tevatron. Ref. [8] quotes a value with a combined uncertainty of σ = 8.18 +0.98 −0.87 pb for a top-quark mass m t = 170 GeV along with a (weak) dependence on the value of the mass, e.g. σ = 7.99 pb for the latest world average [13] , m t = 173.1 +1.3 −1.3 GeV. Using the measured value of σ = 8.18 pb which is consistent with the theory predictions of Refs. [3, 4] (and with this work, see Tab. 2) we extract the MS mass m order by order. As mentioned earlier we use the same NNLO PDF set of MSTW 2008 [14] independent the order of perturbation theory and the results at LO, NLO and approximate NNLO are given in Tab. 2. The value of m = 160.0 +3.3 −3.2 GeV represents to the best of our knowledge the first direct determination of the running top-quark mass from experimental data. For comparison, we also quote the values of the pole mass m t at the respective order extracted in the same way by directly comparing the theory prediction with the measured cross section. Alternatively, we can also convert the MS mass value back to the pole mass scheme with the help of Eq. (38) . Our NNLO value for m corresponds to m t = 168.9 +3.5 −3.4 GeV, which constitutes a theoretically well-defined determination of the pole mass and is also (within the experimental uncertainties) in agreement with the world average [13] of m t = 173.1 +1.3 −1.3 GeV. To summarize, the MS mass scheme is distinguished by the great stability in the value of the extracted top-quark mass. This feature has been studied in the past in detail for processes at a future linear collider [41] and our observation is also in agreement with recent considerations based on the renormalization group flow for heavy quark masses [48] .
Summary
In this Letter, we update and extend the predictions of Refs. [3, 4] for the cross section of top-quark hadro-production at LHC and Tevatron. We have applied some improvements in the threshold approximation for the two-loop scaling functions (12)- (14) as described in the text. We provide new and precise parametrizations in Eqs. (7)- (9) and (18)- (23) for all scaling functions that can be determined exactly. All fit functions are documented in the Appendix. Moreover, we have performed the independent variation of the renormalization and the factorization scale with the help of Eqs. (29), (30) . As a novel aspect, in addition to the conventionally used pole mass we provide predictions for the total cross section employing the MS definition for the mass parameter. The central result is Eq. (44).
Our main phenomenological results are the parametrizations in Eq. (37), Tabs. 3 and 4 and the cross sections in Eqs. (33)- (36) for the pole mass. The differences with respect to our previous numbers are quite small, though, see Tab. 1. The theory uncertainty according to Eq. (31) defined by exploring the (µ r , µ f )-plane in the standard range µ r , µ f ∈ [m t /2, 2m t ] does not differ significantly from the case of fixed scales µ r = µ f . We have also addressed the residual systematical uncertainty due to the threshold approximation and we have quantified the effect of other higher order corrections, such as electro-weak or QCD bound state effects. The most interesting aspect of our phenomenological studies consists of the conversion to the MS mass scheme in Figs. 4 and 5. The cross section predictions with the MS mass definition exhibit a greatly improved pattern of apparent convergence for the perturbative expansion and very good stability with respect to scale variations. This leads to very stable values for the extracted mass parameter m as given in Tab. 2. In particular we find m = 160.0
This is the first direct determination of the running top-quark mass from top-quark pair-production. The corresponding value for the pole mass derived from Eq. (46) reads m t = 168.9
which is consistent with current world average [13], m t = 173.1 +1.3 −1.3 GeV. Altogether, this provides substantial support in view of the reliability of our approximate NNLO numbers. We believe that the QCD radiative correction for top-quark pair-production at hadron colliders are well under control.
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